Abstract. The reduction theorem for the Leray-Schauder degree provides an efficient tool to calculate the value of the degree in a suitable invariant subspace. We shall prove how the calculation of the value of the topological degree for a mapping of class (S + ) from a real separable reflexive Banach space X into the dual space X * can be reduced into the calculation of degree of mapping from a closed subspace V ⊂ X into V * . Since the Leray-Schauder mappings are acting from X to X and we are dealing with mappings from X to X * , the standard 'invariant subspace' condition must be replaced by a less obvious one.
Introduction
The classical reduction theorem for the Leray-Schauder degree can be stated as follows (see [7] , [8] , [10] , for instance). 
Then d LS,Y (I − C, G, 0) = d LS,V ((I − C)| V , G ∩ V, 0).
Above we have denoted the Leray-Schauder degrees in Y and V by d LS,Y and d LS,V , respectively. Note that by condition (1.1) F (G ∩ V ) ⊂ V, which justifies speaking about the 'invariant subspace' condition. In fact, condition (1.1) says more than that. An important consequence of condition (1.1) is that F −1 (0) ∩ G ⊂ V and hence no solutions were lost in the transition to the smaller space. Note that in case V ∩ G = ∅ both degrees are zero and the theorem is trivially valid. Some extensions of Theorem 1.1 are known; see [2] , [7] . However, the common feature of all extensions so far is that the domain and range of the mappings involved belong to the same space. This is natural in view of the 'invarant subspace' condition.
Let X be a real separable reflexive Banach space with dual space X * and with continuous pairing ·, · and norm · . We can assume without loss of generality that X and its dual space X * are locally uniformly convex. Recall that for a real reflexive Banach space X there exists an equivalent norm such that X equipped with that norm is locally uniformly convex [7] . As a consequence, the induced dual norm in X * also is locally uniformly convex. The norm convergence in X and X * is denoted by → and the weak convergence by , respectively. We recall that a mapping F : X → X * is -bounded, if it takes any bounded set into a bounded set;
Mappings of monotone type, e.g. pseudomononone mappings and mappings of class (S + ), are widely used in the study of partial differential operators of generalized divergence form. These classes were introduced in the 1970s by Minty, Skrypnik, Browder, Brezis, Hess and others. The use of mappings of monotone type allows one to treat problems with a certain lack of monotonicity and compactness.
The basic abstract example of mappings of monotone type is the duality map from a real reflexive Banach space into its dual space. The construction of the duality map shows that mappings of monotone type arise naturally from the structure of the Banach space. The duality map J : X → X * is determined via the Hahn-Banach Theorem by the conditions
By the strict convexity of X * the map J is single valued. The duality map J : X → X * a homeomorphism, and it is homogeneous but not linear unless X is a Hilbert space. Moreover, J is strictly monotone and of class (S + ) (see [7] , [11] ).
The topological degree for mappings of class (S + ) is contructed by F. Browder [5] and V. Skrypnik [9] . An alternative construction is presented in [1] , [4] and we recall it briefly here.
By the embedding theorem of Browder and Ton ( [6] , see also [3] ) there exist a real separable Hilbert space H and a compact linear injection φ : H → X such that φ(H) is dense in X. We define a further 'adjoint' mappingφ :
where (·|·) H stands for the inner product of H. Thenφ : X * → H is a compact linear mapping, and since φ(H) is dense in X,φ is also injective.
Let G ⊂ X be an open bounded set and F : G → X * a bounded demicontinuous mapping of class (S + ). We approximate F by a Leray-Schauder-type mapping
Denote by d X the degree for mappings of class (S + ) from X to X * . Assume that 0 / ∈ F (∂G). It is easy to see that 0 / ∈ F λ (∂G) for all sufficiently large values of l.
If y ∈ X * \F (∂G), then we define
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It is shown in [4] that the above definition gives a classical topological degree normalized by J. The above construction is valid only if F is bounded. However, the boundedness assumption can be removed by a simple trick. Indeed, let F : G → X * be a demicontinuous map of class (S + ) and y / ∈ F (∂G). It is easy to see that the set [1] for details).
The degree d X is unique and thus it coincides with the degree of Browder constructed via the Galerkin approximations and finite-dimensional Brouwer degree.
Let V ⊂ X be a closed proper subspace, let i V : V → X be the natural injection and let i * V : X * → V * be defined by the relation
By the embedding theorem of Browder and Ton there exist a real separable Hilbert space W and a compact linear injection
As earlier, the compact linear injective mappingφ V :
The degree d V for bounded demicontinuous mappings of class (S + ) from V to V * is then defined in analogy with (1.3) and (1.4). In the sequel we shall need a further map φ *
The linear map φ * V : X * → W is compact but not injective, since Kerφ *
The Reduction Theorem
We are now ready to prove our main result. The notations are the same as in Section 1.
Theorem 2.1 (Reduction Theorem). Let X be a real separable reflexive Banach space, G ⊂ X an open bounded set and F : G → X * a demicontinuous map of class (S + ). Assume that 0 /
∈ F (∂G) and V ⊂ X is a closed subspace such that 
In order to apply Thorem 1.1 we need to know that 0 / ∈ S λ (∂G) for a sufficintly large λ . Assume the contrary. Then we can find sequences (λ k ) and (u k ) ⊂ ∂G such that λ k → ∞ and
It is not hard to see that φ * V w = 0, i.e., w ∈ V ⊥ , and F (u k ), u k ≤ 0. Hence w, u = 0 and thus
On the other hand F (u) ∈ J(V ) implying F (u) = 0, which leads to a contradiction. Consequently, by Theorem 1.1
The proof is complete as soon as we obtain the equality
To prove (2.5) it is sufficient to show that taking λ > 0 large enough,
We shall argue by contradiction. Then there exist sequences (λ k ),
We obtain the key relation
where · H and · W are the norms of H and W , respectively. At least for subsequences we have 
Consequently, by (2.6),
On the other hand 
Note that in a real separable Hilbert space X, where X * = X, the duality map is the identity, and the crucial condition (2.1) takes a more familiar form (I − F )(G) ⊂ V. 
